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Abstract
Instead of a strong quantitative form of the Hardy-Littlewood prime
k-tuple conjecture, one can assume an average form of it and still obtains
the same distribution result on ψ(x + h) − ψ(x) by Montgomery and
Soundararajan [1].
1 Introduction
Let Λ(n) be von Mangoldt lambda function, µ(n) be the Mo¨bius function and
φ(n) be the Euler’s phi function. Let e(θ) = e2πiθ, ǫ > 0 and ψ(x) =
∑
n≤x Λ(n).
In [1], Montgomery and Soundararajan studied the distribution of primes in
short intervals
MK(N ;H) :=
N∑
n=1
(ψ(n+H)− ψ(n)−H)K (1)
under a strong quantitative form of the Hardy-Littlewood prime k-tuple conjec-
ture:
Conjecture 1. ∑
n≤x
k∏
i=1
Λ(n+ di) = S(D)x+ Ek(x;D) (2)
holds with
Ek(x;D)≪ǫ,K N
1/2+ǫ
uniformly for 1 ≤ k ≤ K, 0 ≤ x ≤ N , and distinct di satisfying 1 ≤ di ≤ H.
Here D = {d1, d2, ..., dk}, and
S(D) =
∑
q1,...,qk
1≤qi<∞
( k∏
i=1
µ(qi)
φ(qi)
) ∑
a1,...,ak
1≤ai≤qi
(ai,qi)=1∑
ai/qi∈Z
e
( k∑
i=1
aidi
qi
)
is the singular series as in equation (2) of [1].
1
They proved
Theorem 1. Under Conjecture 1,
MK(N ;H) =µkH
K/2
∫ N
1
(log x/H +B)K/2dx
+O
(
N(logN)K/2HK/2
( H
logN
)−1/(8K)
+HKN1/2+ǫ
)
uniformly for logN ≤ H ≤ N1/K , where µk = 1 · 3 · · · (k − 1) if k is even, and
µk = 0 if k is odd; B = 1− C0 − log 2π and C0 denotes Euler’s constant.
The first author of [1] suggested to the present author that Theorem 1 is
probably true under an average form of the Hardy-Littlewood prime k-tuple
conjecture, namely:
Conjecture 2. For x ≥ H,
∑
d1,...,dk
1≤di≤H
di distinct
Ek(x,D)
2
≪k x
1+ǫHk.
Our goal in this paper is to prove Theorem 1 under Conjecture 2.
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2 Proof of Theorem 1
Lemma 1. With Λ0(n) = Λ(n)− 1 and |A| denoting the size of a set A,
∑
n≤x
k∏
i=1
Λ0(n+ di) = S0(D)x +O(
∑
J⊂{1,2,...,k}
|E|J|(x;DJ)|)
where
S0(D) =
∑
q1,...,qk
1<qi<∞
( k∏
i=1
µ(qi)
φ(qi)
) ∑
a1,...,ak
1≤ai≤qi
(ai,qi)=1∑
ai/qi∈Z
e
( k∑
i=1
aidi
qi
)
and DJ = {dj}j∈J.
2
Proof: The left hand side
=
∑
n≤x
k∏
i=1
(Λ(n+ di)− 1) =
∑
n≤x
∑
J⊂{1,2,...,k}
(−1)k−|J|
∏
i∈J
Λ(n+ di)
=
∑
J⊂{1,2,...,k}
(−1)k−|J|
∑
n≤x
∏
i∈J
Λ(n+ di)
=
∑
J⊂{1,2,...,k}
(−1)k−|J|(S(DJ)x + E|J|(x;DJ))
=S0(D)x+O(
∑
J⊂{1,2,...,k}
|E|J|(x;DJ)|)
by (2) and the identity S0(D) =
∑
I⊂D(−1)
|I|
S(I) (see equation (5) of [1]).
Proof of Theorem 1 under Conjecture 2: Following [1], we expand (1) and
have
MK(N ;H) =
K∑
k=1
1
k!
∑
1≤M1,...,Mk∑
Mi=K
(
K
M1 · · ·Mk
)
×
∑
m1,...,mk
0≤mi<Mi
k∏
i=1
(−1)Mi−1−mi
(
Mi − 1
mi
)
Lk(m),
(3)
where
Lk(m) :=
∑
d1,...,dk
1≤di≤H
di distinct
N∑
n=1
k∏
i=1
Λmi(n+ di) (4)
and Λm(n) := Λ(n)
mΛ0(n). To estimate Lk(m), one needs to distinguish be-
tween those i for which mi = 0 and those for which mi > 0. Following [1], we
set K = {1, ..., k} and introduce
H = {i ∈ K : mi ≥ 1}, I = {i ∈ K : mi = 0}, J ⊂ K.
3
Then
∑
n≤x
∏
i∈I
Λ0(n+ di)
∏
i∈H
Λ(n+ di)
=
∑
n≤x
∑
J
I⊂J⊂K
∏
i∈J
Λ0(n+ di) =
∑
J
I⊂J⊂K
∑
n≤x
∏
i∈J
Λ0(n+ di)
=
∑
J
I⊂J⊂K
[
S0(DJ)x +O(
∑
J′⊂J
|E|J′|(x;DJ′)|)
]
=x
∑
J
I⊂J⊂K
S0(DJ) +Ok
( ∑
K′⊂K
|E|K′|(x;DK′)|
)
by Lemma 1. We write the above as f(x) = cx+ Ex,K. In general,
∫ X
1−
g(x)df(x)
=g(X)f(X)−
∫ X
1−
f(x)g′(x)dx
=g(X)[cX + EX,K]−
∫ X
1−
(cx+ Ex,K)g
′(x)dx
=c
∫ X
1−
g(x)dx +O
(
EX,K|g(X)|+
∫ X
1−
Ex,K|g
′(x)|dx
)
.
Thus, by integration by parts,
N∑
n=1
(∏
i∈I
Λ0(n+ di)
)(∏
i∈H
Λ(n+ di)(log(n+ di))
mi−1(log(n+ di)− 1)
)
=
∫ N
1−
∏
i∈H
(log(x+ di))
mi−1(log(x+ di)− 1)df(x)
=c
∫ N
1
∏
i∈H
(log (x + di))
mi−1(log (x+ di)− 1)dx+O
(
EN,K log
K N
+
∫ N
1−
Ex,K
logK(x+H)
x
dx
)
.
This is the analogue of equation (65) in [1]. Now, note that
Λm(n) = Λ(n)(logn)
m−1(log n− 1)
4
when n is prime. We have, by following the argument in [1],
N∑
n=1
k∏
i=1
Λmi(n+ di)
=
( ∑
J
I⊂J⊂K
S0(DJ)
)
(Im(N) +O(H(logN)
K−k)) +O(N1/2+ǫ)
+O
(
EN,K log
K N +
∫ N
1−
Ex,K
logK(x+H)
x
dx
)
.
(5)
where
Im(N) :=
∫ N
1
∏
i∈H
(
(log x)mi−1(log x− 1)
)
dx.
Putting (5) into (4),
Lk(m) =Im(N)
∑
J
I⊂J⊂K
∑
d1,...,dk
1≤di≤H
di distinct
S0(DJ) +O(H
kN1/2+ǫ)
+O
( ∑
d1,...,dk
1≤di≤H
di distinct
EN,K log
K N +
∫ N
1−
∑
d1,...,dk
1≤di≤H
di distinct
Ex,K
logK x
x
dx
)
.
(6)
Now, we use Conjecture 2. By Cauchy-Schwarz inequality,
∑
d1,...,dk
1≤di≤H
di distinct
|Ek(x,D)| ≪k x
1/2+ǫHk.
In particular,
∑
d1,...,dk
1≤di≤H
di distinct
Ex,K =
∑
d1,...,dk
1≤di≤H
di distinct
∑
K′⊂K
|E|K′|(x;DK′)|
≪k
k∑
j=0
∑
d1,...,dj
1≤di≤H
di distinct
|Ej(x;D)| ≪k x
1/2+ǫHk
Applying this to (6), the second error term is≪ N1/2+ǫHk while the third error
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term is
=
∫ N
H
∑
d1,...,dk
1≤di≤H
di distinct
Ex,K
logK(x+H)
x
dx+
∫ H
1−
∑
d1,...,dk
1≤di≤H
di distinct
Ex,K
logK(x+H)
x
dx
≪kN
1/2+ǫHk +
∫ H
1
Hk+1
logK(x+H)
x
dx≪K N
1/2+ǫHk
as H ≤ N1/2. Hence, (6) has an error O(HkN1/2+ǫ) and the rest of the proof
in [1] follows. Therefore, we have Theorem 1 under Conjecture 2.
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